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QCD phase diagram: towards finite density
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e QCD equation of state at ug = 0 available from lattice QCD

* No direct LQCD simulations at finite ug but recently a lot of
LQCD data which helps constrain phenomenological models
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QCD thermodynamics with fugacity expansion

p T: G k - ~ L
( ng) = ZPk(T) cosh (#) — Z P|k|(T) ekne/T
k=0 k=—o0

No sign problem on the lattice at imaginary ug = ifig

Observables obtain trigonometric Fourier series form

Baryon density: pe(T.ijig) =i Z bk(T) sin (kuk?) , bi(T) = kpi(T)
T3 k=1 T

B 2
o T4

T
bi(T) /0 djig [Tm ps( T, ifig)] sin(k jig/ T)
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QCD thermodynamics with fugacity expansion

T, R~ K 14 = . .
il 7;:18) = Z pk(T) cosh (#) — Z p|k\(T) ekne/T
k=0 k=—o0

No sign problem on the lattice at imaginary ug = ifig

Observables obtain trigonometric Fourier series form

Baryon density: pe(T.ijig) =i Z bk(T) sin (kuk?) , bi(T) = kpi(T)
T3 k=1 T

2 o n -
be(T) = — /0 diig [Im pg(T,ifig)] sin(k ig/T)
Ideal (Boltzmann) HRG: Massless quarks (Stefan-Boltzmann limit):
PB _ ' HB SB __ (_1)k+1 4[3 + 4(7Tk)2]
3 = b1(T) sinh ( ) biF = p 27 (k)2
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Lattice QCD results on Fourier coefficients
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S. Borsanyi et al. [Wuppertal-Budapest collaboration], QM2017
e Consistent with HRG at low temperatures
e Consistent with approach to the Stefan-Boltzmann limit

b, visibly departs from zero above T ~ 160 MeV 4/17



HRG with repulsive baryonic interactions

Repulsive interactions with excluded volume (EV) [Rischke et al., Z. Phys. € ‘91]
V—V—bN = pa(T.ug)=ps(T.1g— bpp)

0.61 :21 + b(T)*sin(2y,/T) _:‘ HRG with baryonic EV:
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: ) * ] 2 (T) =2 T3
« 02l ® 4stout, N, =12 . . (T) 5
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* Tt BSY(T)=—4[bT7] |-
0.0 ° ( ) [ ] [ T3 ]
® o o o | 3
_— e( T
-0.2 - ® ° o o ng(T) =0 [bT3]2 [(pB(g )]
- EV-HRG, b =1fm° — T

-04 . 4
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T (MeV) b4 (T) - _? [bT ] [

V.V., A. Pasztor, Z. Fodor, S.D. Katz, H. Stoecker, 1708.02852

e Non-zero by (T) for k = 2 signal deviation from ideal HRG

e EV interactions between baryons (b = 1 fm3) reproduce lattice trend
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Higher-order coefficients from lower ones

Feature of the EV-like models: temperature-independent ratios

oy — 20 = [b(T)]7 o — [y (T))2
o [BaA(T) o [BA(T)P o [T

b3(T)a b4( T)a bk(T)
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Higher-order coefficients from lower ones

Feature of the EV-like models: temperature-independent ratios

_ by(7) ) (T
S = (TP bs(T) R TEE by(T), v = [bQ(T)]k—lbk(T)
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Observation: a3 and a, are T-independent in lattice data
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Higher-order coefficients from lower ones

Feature of the EV-like models: temperature-independent ratios
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Observation: a3 and a, are T-independent in lattice data

Ratios are consistent with Stefan-Boltzmann limit of massless quarks
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Cluster Expansion Model — CEM

a model for QCD equation of state at finite baryon density

V. Vovchenko, J. Steinheimer, O. Philipsen, H. Stoecker, 1711.01261, work in progress
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Cluster Expansion Model (CEM)

Model formulation:
e Fugacity expansion for baryon number density

T.u
PB( ,/uB) _ Xl T )UB Z bk Slnh k}uB/T)

T3
 bi(T) and b,(T) are model input

o6 102(T )<
3 [b1(T)]k—2

e All higher order coefficients are predicted: b(T) =

Physical picture: Hadron gas with repulsion at moderate T,
“weakly” interacting quarks and gluons at high T
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Cluster Expansion Model (CEM)

Model formulation:

e Fugacity expansion for baryon number density

T.u
PB( ,/uB) _ Xl T #B Z bk Slnh k)uB/T)

T3
 bi(T) and b,(T) are model input

o6 102(T )<
3 [b1(T)]k—2

e All higher order coefficients are predicted: b(T) =

Physical picture: Hadron gas with repulsion at moderate T,
“weakly” interacting quarks and gluons at high T

Resummed analytic form:

pe(T.uB) 2 b2 5 . . .
=3 = —573 5 { 7 [Lip(xy) — Lig(x=)] + 3[Lis(xy) — LI3(X_)]}
A b12(T) by /T
bio= "5 xp= et/ T iz
b3 by Z ks 8/17



CEM: Baryon number susceptibility
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Lattice data from 1112.4416 (Wuppertal-Budapest), 1701.04325 (HotQCD)

Model inputs used:
e CEM-LQCD: b4(T) and b,(T) from LQCD simulations at imaginary ug

e CEM-HRG:  by(T) and b,(T) from excluded-volume HRG 9/17



CEM: Higher-order susceptibilities
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Lattice data from 1805.04445 (Wuppertal-Budapest), 1701.04325 & 1708.04897 (HotQCD)

Lattice data on higher-order susceptibilities validate CEM

10/17




CEM: Higher-order susceptibilities
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To be verified by future lattice data
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CEM: Higher-order susceptibilities
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Preliminary lattice estimate from 1805.04445 (Wuppertal-Budapest)

To be verified by future lattice data
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Radius of convergence

Taylor expansion of the QCD pressure:

p(T.p8) _ P(T.0) X5 (T)
T4 T4 2l

Xz (T)
41

(1e/T)* + (ue/T)* + ...

Radius of convergence 1,/ of the expansion is the distance to the
nearest singularity of p/T* in the complex ug /T plane, which

could point to the QCD critical point

Lattice QCD strategy: Estimate 1, ,r from few leading terms
[M. D'Elia et al., 1611.08285; S. Datta et al., 1612.06673; A. Bazavov et al., 1701.04325]
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Radius of convergence

Taylor expansion of the QCD pressure:

p(T.p8) _ P(T.0) X5 (T)
T4 T4 2l

X&(T)

s/ TY

(ne/T) +

Radius of convergence 1,/ of the expansion is the distance to the

nearest singularity of p/T* in the complex ug /T plane, which
could point to the QCD critical point

Lattice QCD strategy: Estimate 1, ,r from few leading terms
[M. D'Elia et al., 1611.08285; S. Datta et al., 1612.06673; A. Bazavov et al., 1701.04325]

b b
CEM:  x{ ocLi (;e“B/T) = (ug/ T)e = *In (Bl) +
1 2

Singularity in the complex plane — ratio estimators do not work
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CEM: Radius of convergence

T T T T T ™ T T T T T T T T T I T ! !
240 | i * . (CEM-LQCD) .
L _ 3 T
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200 v Fodor, Katz (LQCD, reweighting) |
|—| 5 m  Lacey (HIC, finite-size scaling)
> 180 F ¢ Fischer et al. (Dyson-Schwinger)
% i ' & [ ] Qritelli et al. (holographic)
=. 160 - [ e : \%H A |jetal. (holographic) ]
- 140 i ey *
- | =
5 I ~N -
120 | | *J 7]
X I ¢ = S o
100 | ! = ~? .
| l =~ b
80 P T SR R ! 1 =~
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uy/T
Radius of convergence of Taylor expansion sees Roberge-Weiss transition?
e AtT > TRW expected [H?B] = =TT [Roberge, Weiss, NPB ‘86] TRW ~ 208 MeV
Cc

[C. Bonati et al., 1602.01426]
* Puts CEM in contrast to various critical point estimates 13/17



Extracting by (T) and b, (T) from susceptibilities

CEM: All )(,f determined by b; and b, at a given temperature

Reverse prescription: Extract by (T) and b, (T) from two independent
(combinations of) )(,f, assuming that CEM is valid
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Extracting by (T) and b, (T) from susceptibilities

CEM: All )(,f determined by b; and b, at a given temperature

Reverse prescription: Extract by (T) and b, (T) from two independent
(combinations of) )(,f, assuming that CEM is valid

Example: by(T), by(T) from HotQCD data for y2 and x2 /x5 atug = 0

0.35

1.2 F7
XB free quark gas
0.3 [ A2 1 HRG cont. est.
©) @ ® Q% 1 N’C=6 i
0.25 + o A 1 * 8
' @@ PDG-HRG — 0.8 * i
i cont. extrap. 1 m¢/m=20 (open)
0.2 I 154 4/-9) Mev @@ Ne=16 5 | o2 06 | s 27 (filled) |
o~ Y-
0.15 | 12:¢71 "R 4
- 0.4 | "
01 i !m
mg/m=20 (open) 02 | @ f s
0.05 | 27 (filled) E 4 IEree quar g?%
T [MeV] 0 : ‘ : : : : '
0 | ‘ ' ' ' ' ' 140 160 180 200 220 240 260 280
140 160 180 200 220 240 260 280 T [MeV]

HotQCD collaboration, 1701.04325 & 1708.04897
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Extracting by (T) and b, (T) from susceptibilities

CEM: All )(,f determined by b; and b, at a given temperature

Reverse prescription: Extract by (T) and b, (T) from two independent
(combinations of) )(,f, assuming that CEM is valid

Example: by(T), by(T) from HotQCD data for y2 and x2 /x5 atug = 0

0.6 0.00p—~———
. ¢ * Wuppertal-Budapest

05 R -0.05 H Bo BB

o e ° HotQCD (from x5 & x4/x5 using CEM)
0.4 KK ~0.10

503 i &§-0.15 f
0.2 e ~0.20
0.1 . " ® * Wuppertal-Budapest _0.25
o HotQCD (from x5 & x2/x5 using CEM)
0.0 140 160 180 200 220 240 260 280 -0.30 140 160 180 200 220 240 260 280
T [MeV] T [MeV]

Implies accuracy of CEM and consistency between LQCD data of different groups
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CEM: Observables at finite ug

1.0

0.8
0.6
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 Non-monotonic ug dependence of y2 /x5 and x& /x5

e Ratios consistent with free Fermi gas in the limit of large ug

e x&/x5 < 0inthe STAR-BES range
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CEM outlook: Full equation of state

Integrating the baryon number density

2 b2
% T 27m2 b, {47”2 [Liz(x4) — Lip(x2)] + 3 [Lis(x4) — L'3(X—)]}
one obtains the scaled pressure p(T, MB)/T4 in CEM
T, b}
P( 7;1““8) = po(T) — 2727r2 ,\1 {47r [Lia(xy) + Lia(x— )] + 3 [Lia(xt) + I—'4(X—)]}

which provides the full equatlon of state within the model

Full model input:
e Fourier coefficients b;(T) and b, (T) < LQCD at imaginary ug
e ug-independent part of pressure p,(T) « LQCDatug =0

Useful for hydro at finite baryon density
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Summary

 Lattice QCD data at imaginary u constrain phenomenological
models

e |nitial deviations from uncorrelated gas of hadrons can be
understood in terms of repulsive baryonic interactions

e Cluster expansion model (CEM) combines hadron gas with
deconfinement and is consistent with presently available lattice

data, both at u = 0 and imaginary ug

e Radius of convergence of Taylor expansion at u = 0 is sensitive to
the Roberge-Weiss transition in the complex ug /T plane
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Summary

 Lattice QCD data at imaginary u constrain phenomenological
models

e |nitial deviations from uncorrelated gas of hadrons can be
understood in terms of repulsive baryonic interactions

e Cluster expansion model (CEM) combines hadron gas with
deconfinement and is consistent with presently available lattice

data, both at u = 0 and imaginary ug

e Radius of convergence of Taylor expansion at u = 0 is sensitive to
the Roberge-Weiss transition in the complex ug /T plane

Thanks for your attention!
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CEM and effective model

Recent CEM developments: [Aimasietal., 1805.04441]

Deviations from CEM ansatz when applied to effective QCD model
with chiral criticality (PQM)

I I I I | I [ I
Physical m, PQM —— Physical m, PQM ——

1.4 PR
CEM ---- i CEM ----- i
1.2 % ' Heavy m,, PQM —
1 E CEM -----
R 08
=
o6~ o\ 71 0 NN -
0.4
0.2

/T, T/T,

although model setup is not realistic compared to lattice (TCPQM~ 230 MeV)

Deviations of high order Fourier coefficients or susceptibilities from CEM ansatz
may signal chiral CP, if there is one



CEM and effective model

Recent CEM developments: [Aimasietal., 1805.04441]

Deviations from CEM ansatz when applied to effective QCD model
with chiral criticality (PQM)
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although model setup is not realistic compared to lattice (TCPQM~ 230 MeV)

Deviations of high order Fourier coefficients or susceptibilities from CEM ansatz
may signal chiral CP, if there is one



Expected asymptotics

o At low T /densities QCD ~ ideal hadron resonance gas

hrg / /
p's(T,ug)  om(T) L (PB(T) h( T) |

T4 o T3 T3
2T m
o(T) = Z/dmp,(m > 2(7_)
ieB
hr, (,DM T hr Z(DB T \ro
pre(T) = D) - ey = 208U0) ey — k> 2

T3 T3

e At high T QCD ~ ideal gas of massless quarks and gluons

p*e(T,pug) 8 (us) 1 (us)“
T4 45 Z [ 37) T2 \37) |
_ 6472 _ (—l)k+1 4(3 + 4 (k)]
SB , SB b8 — k pSB
P =35 Pk k2 27 (mk)? o= Pk

Lattice data explore intermediate, transition region 130 < T < 230 MeV

*In this study we assume that pus = pug =0
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Radius of convergence: Structure of Taylor coefficients

Ratio estimator works when coefficients have regular asymptotic structure:

they either share the same sign or they alternate in sign

Equivalently: Limiting singularity must be at a real (ug/T)? value

10% ———— :
10°L CEM-LQCD, T = 160 MeV
10" F
1015_
1013_

® xzn>0

o x2n<0

Negative coefficients appear starting from XgB

20



Radius of convergence: Domb-Sykes plot

Domb-Sykes plot: 1/r2 vs 1/n, linear extrapolation to 1/n = 0 yields )T
CEM-LQCD @ T = 160 MeV

0.25 I . . . T -
: CEI\/I LQCD, T = 160 MeV, Ratio estimator
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Radius of convergence: Mercer-Roberts estimator

A more involved Mercer-Roberts estimator:

1/4
2 B
| Cn+1Cp—1 — € _ Xo2n
rn - 2 Cn e 2 ] .
Ch+2Cnp — Chiq ( I‘i).
0.07 : T T T T T '.’ . + ®
X i “000” ]
B ! 4
0,064.«555555 EEEEEEEEEE E E B B E ®E |
\.
v |
C\nL_C 0.06 E ........ . . a
; .« pT “tee,
i B
! " X
|
i * %
|
i 1
i CEM LQCD T= 160 MeV Mercer Roberts estimator
0.05 i
0.00 0. 01 0. 02 0. 03 0. 04 0.05

1/n

Taylor expansions for p/ T4, X?, and Xf all point to the same
lim r 2~0.064 = ryT ~=3.95at T =160 MeV 16/23
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CEM: Baryon number fluctuations

Baryon number susceptibilities at g = O:

B _ 0*"(p/TY) 201 o 2n—1
HB pp=0 k=1 k=1
CEM-LQCD:  by(T) and by(T) taken from LQCD simulations at imaginary 1
B
X2
0.35 —————— .
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0.30F
0.25) K o = 2
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0.15} Mokl g%
X * ***
o-10f S ok,
0.05} L0 **
0.00
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