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QCD phase diagram: towards finite density
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e QCD EoS at ug = 0 available from lattice QCD

e Determination of phase structure at finite uup, in particular the
critical point, is one of the major goals in the field



Common lattice-based methods for finite up

e Taylor expansion

p(TT'fB) = p(;;o) 1 X2 (QT!'O) (ue/T) + w (18/T)" + ...

)(;? — cumulants of net baryon distribution, computed up to )(g
[Wuppertal-Budapest collaboration, 1805.04445; etc.]

6 Fodor, Katz, 2004 @
Datta et al., 2016 ©
5 D’Elia et al., 2016, r§
this work: lower bound for r§ Il +
estimator r§
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[HotQCD collaboration, 1701.04325]
No hints for a CP from )(,f, “small” ug /T < 2 disfavored

150 155

e Other methods: analytic continuation (Im pg), reweighing, etc.



Cluster expansion in fugacities

Expand in fugacity 1z = e#*B/T instead of ug/T — a relativistic
analogue of I\/Iayer’s cluster expansion:

T MB
_ Z P|k| ekne/T —

k——oo

T)cosh(kpg/T)

Net baryon density: pe(T Z bi(T)sinh(kug/T), by = kpx




Cluster expansion in fugacities

Expand in fugacity 1z = e#*B/T instead of ug/T — a relativistic
analogue of I\/Iayer’s cluster expansion:

T MB
_ Z P|k| ekne/T —

k——oo

T)cosh(kpg/T)

Net baryon density: pe(T Z bi(T)sinh(kug/T), by = kpx

Analytic continuation to imaginary ug yields trigonometric Fourier series

PB’(T lus Z be(T) sin (ku3>

-

: : . 2 wT
with Fourier coefficients b (T) = / diig [Im pg(T,ifig)] sin(k fig/ T)

T T% Jo

Four leading coefficients b, computed in LQCD at the physical point
[V.V., A. Pasztor, Z. Fodor, S.D. Katz, H. Stoecker, 1708.02852]
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Why cluster expansion is interesting?

Convergence properties of cluster expansion determined by singularities
of thermodynamic potential in complex fugacity plane — encoded in
the asymptotic behavior of the Fourier coefficients b,

Examples:
; e—km/T

: —1

* ideal quantum gas bi ~ (£1) 32 Bose-Einstein condensation
| : del k—1 Mbr‘_k |Ap-| = 1 = Roberge-Weiss

° ~ (— et N T

cluster expansion mode bi ( 1) k transition at imaginary g
[V.V., Steinheimer, Philipsen, Stoecker, 1711.01261]
. luded | del b 1)k1 ‘)\br‘_k No phase transition, but a

excluded volume mode k™ (_ ) k1/2 singularity at a negative A

[Taradiy, V.V., Gorenstein, Stoecker, in preparation]

~

g kiic

e chiral crossover by ~
k2—af.

[Almasi, Friman, Morita, Redlich, 1902.05457]

sin(kf. + o) fte/:na_nt(')s of chiral criticality
5=

This work: signatures of a CP and a phase transition at finite density
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A model with a phase transition

Our starting point is a single-component fluid. We are looking for a

theory with a phase transition where Mayer's cluster expansion

n(T,\) 1« .
= _2;bk(r)>\

can be worked out explicitly. The “tri-virial” model (TVM)
_ 9y 9 2 3
[ p(T,n)_Tn+T(b T)n +Thn ]
which is the vdW equation truncated at n3 has the required features.

20
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TVM in the grand canonical ensemble (GCE)

Transformation from (T, n) variables to (T, u) [or (T, A)] variables
p(Tn)=TntT (b— i) w4+ T b n®

4

T

4

[ A= gb(nT) exp E(bn)2 + 2n (b— %)] , A=etT ]

The defining transcendental equation for the GCE particle number density n(T, 1)

This equation encodes the analytic properties of the grand potential
associated with a phase transition



TVM: the branch points

A= qb(”T) exp E(bn)z +2n (b - %)]

The defining equation permits multiple solutions therefore n(T, 4) is
multi-valued and has singularities — the branch points:

O\ B 2 d _
(%L‘O = 3(bm)? 2 (1 o) b+ 1=0



TVM: the branch points

A= qb(”T) exp E(bn)z +2n (b - %)]

The defining equation permits multiple solutions therefore n(T, 4) is
multi-valued and has singularities — the branch points:

O\ B 2 d _
(%L‘O = 3(bm)? 2 (1 o) b+ 1=0

Solutions:
@)

*
T > T¢: two c.c. roots ny; = (ng,,) crossover singularities

¢

e T =Tc: nyy = Ny = N, L\ the critical point
* T <T¢: two real roots ng; and n, \/,\ the spinodal points

see also M. Stephanov, Phys. Rev. D 73, 094508 (2006) 8



TVM: Mayer’s cluster expansion

n : 2 ?
A= AT exp E(bn) + 2n (b— ?)] .




TVM: Mayer’s cluster expansion

n

o(T)

A =

exp [3(6n +2n (5 2)] [

/Lagrange inversion theorem\

It y'_"f(af)’ y0=f(z0); f'(zO) 750’ t'hen
dk 1

3.6.6
=1yt 2 (y ;IO) [dx" ‘{f(a:) %o } ]x-xo

\_ %

from Abramowitz, Stegun, “Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables"




TVM: Mayer’s cluster expansion

o 3 2 ? f(T,N) 1S )
A= o(T) exp {i(bn) +2n (b—?)] . 3 ZEZbk(T))\
I I k=1

4 Lagrange inversion theorem\\

y=A x=n, f(x)=AXnT)
It y'_"f(af)) y0=f(z0); f'(zO) #0’ then
3.6.6 _ _
=90 P | a—z, Ao =0, o =0
K r==xo} 2 7! [dx" l{f(a:) } ]x—:co/
from Abramowitz, Stegun, “Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables"




TVM: Mayer’s cluster expansion

] 7 n(T,\)
o(T) T > —

4 Lagrange inversion theorem\\

y=A x=n, f(x)=AXnT)
It y'_"f(af)’ y0=f(z0); f'(zO) 750’ then
3.6.6 _ _
=90 P | a—z, Ao =0, o =0
K r=xo+ 2 7! [dx" l{f(a:) } ]x—:co/
from Abramowitz, Stegun, “Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables"

A= exp E(bn)2 + 2n (b — 3)

Result:

L o(T)
b(T) =275

k—
1 [(3k\ 7 . d~! ay\ 2k
k—1 — el . . = U2
(T (2) ke ex"[ 2 (1 bT) 3" X]



TVM: Mayer’s cluster expansion

bi(T) :2¢(T? (b (T ;I (3")7 im & e [2 (

2 x—0 dxk—
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TVM: Mayer’s cluster expansion

bi(T) = 2¢$_73-) [bo(T)* ! [}I (3k)kT lim d" - exp [2 (1 —

2 x—0 dxk—

Generating function of Hermite polynomials: ™2
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TVM: Mayer’s cluster expansion

b(T) =2 ¢(T73-) [bo(T) ! [}I (32k)T lim d" - exp [2 (1 — %) %x— le

x—0 dX

0. @]
. . . . X
Generating function of Hermite polynomials: 2% 2% = E Hn(t) —

n!
e - \
(1) =22 ani 1 (5) 7 M |5 (1 )
\. J

The potentially non-trivial behavior of cluster integrals b, associated with a
presence of a phase transition is determined by the Hermite polynomials

10



Asymptotic behavior of cluster integrals

Asymptotic behavior of b, determined b ~ Hy_1

2k a
) -5 (1-57)
mainly by Hermite polynomials

A catch: both the argument and the index of H tend to large values.

11



Asymptotic behavior of cluster integrals

VE6-5)

A catch: both the argument and the index of H tend to large values.
Such a case was analyzed in [D. Dominici, arXiv:math/0601078]

Asymptotic behavior of b, determined b ~ Hy_+
mainly by Hermite polynomials

2

1) x> AA2n Hn(x)”gooexp [X —;X—n+n|n(a+x)] %(14—;), o =+vx2—12n
T<T,

2) X =~ \/% H,(x) e exp [g In(2n) — gn + @x] o nl/6 Aj {\/ﬁ(x B \/%) n1/6}

3) |X| < \/% H, {\/ﬂsin 9} T \/ c0259 exp {g [In(2n) — cos(29)]} cos {n E sin(26) 4 6 — g] + g}

T>T,

Asymptotic behavior changes as one traverses the critical temperature
11



Asymptotic behavior of cluster integrals

k Hspl

1) T<Te: b(T) A k3/2

_ N by x k** exp(—k Re[uc/T])
b, see the spinodal point of a first-order phase transition

0.20
«‘.,w*‘“""'"
015+
r 0.10 T
C —
2 k—o00 T 0.05 - lc
) T=T..  b(T)ZA
¢ k( ) k4/3 0 20 40 60 8 K

b, see the critical point
b x k*/2 exp(—k Re[u/ T])

_k ‘“Er | :"A"-_. h '.-‘n'-.. ‘.-"
' e _ i Por  Po\* i F% i
3) T > T.: be(T) A+ xyn sin (k = + E) R ;_. »
crossover singularities —  oscillatory behavior of b, W W i
T =11T,

Behavior expected to be universal for the mean-field universality class, the
likely effect of a change in universality class (e.g. 3D-Ising) is a modification

of the power-law exponents
12



Applications to the QCD thermodynamics

TVM for “baryonic” pressure: ps(T.n)=Tng+ T (b - %) ng + T b°n}

Symmetrization: ug - —ug

p=ps(T,pe)+pe(T,—ps)+ pu(T)

“baryons” “anti-baryons”  “mesons”

¥

T, iji e (ki
pB( T,3MB) — 1S b(T) sin ( ;e)
=1

Cluster integrals become Fourier coefficients (as long as b.(T) “=5° 0 holds)
Riemann-Lebesgue lemma

Expected asymptotics

_kLbRr / R /
- 0
[bk(T) X AekaT sin (k’”“?b+5°) %zRe[“TBLr, %zlm [“ﬂb]

Can be tested in lattice QCD at imaginary chemical potential

13



Extracting information from Fourier coefficients

R

ko / Real part of the limiting singularity
k—o0 e T . Hir 90 . .
b(T) ~ A o Sin (k + +§> determines the exponential
suppression of Fourier coefficients

To extract Re[uy,/T] fit b, with log |bx| = A — (3/2)log k — kRe [M';r}

14



log |6y

Extracting information from Fourier coefficients

) L I Real part of the limiting singularity
bi(T) =FA s sin (k MTbW—EO) determines the exponential

suppression of Fourier coefficients

To extract Re[uy,/T] fit b, with log |bx| = A — (3/2)log k — kRe [M_;r}

lllustration: TVM parameters fixed to a CP at 7_= 120 MeV, u_ = 527 MeV

_18 T = 150 MeV Extracted Re[ubr/T]
=-20
%—30
2 _40 \
-50 o o
_28 T =120 MeV (I' [MeV] Fit to by-b, True value\
S _40
8 -60 150 2.31 2.50
-80
‘i§ =100 MoV 120 4.24 4.39
:60
700 100 6.11 6.18
-120 \




Fourier coefficients from lattice

T T T T T T T T T T T T T T T T T T
06L e Db 4stout, Nt = 12 (Wuppertal-Budapest) -
. 1
[
y b2 « ® ° ° °
04+ ° b3 . ® ¢ -
[
° b4 . °
~ 0.2 o —e
O °
I ® e O © o o !
o * ° * e * ° *
0.0 ——-+—+--»0—-—-t—-—0---—0---1-—-t-—-l----z---»;—---.- ------------------------------------------- -
° o . ® o ® o o o |
[

° o J—
-0.2 ©° 0 4 . —'

_04 1 | 1 1 1 | 1 | 1 | 1 | 1 1 1 | 1 | 1
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T [MeV]

Lattice QCD data (Wuppertal-Budapest), physical quark masses
[V.V., Pasztor, Fodor, Katz, Stoecker, PLB 775, 71 (2017)]
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Fourier coefficients from lattice

100 ! I ! I ! I ! ] ! I ! I I I ]
L 4stout, Nt=12(WuppertaI—Budapest) o o 0 0 o 0 o o o
. ® e ¢ ° L wwowow »
4L P » ¢ ¢ ¢ o
107} Lo '.-’.::,v#*
o . * 4 ¥
2 . 3 ‘e
10- B T -
~ - § 5 3 1 _
B SERRS + b
10° b i i T T I 1 i
L E ¢ . 'bz
\ 4 ¢ b3
-4 \ 4
10 | 1 Y T M 'b4 ]
10-5 . , 1 , 1 \ 1 X L , L ,
130 140 150 160 170 180 190 200 210 220 230
T [MeV]

Lattice QCD data (Wuppertal-Budapest), physical quark masses
[V.V., Pasztor, Fodor, Katz, Stoecker, PLB 775, 71 (2017)]

Can one extract useful information from lattice data?
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Extracting singularities from lattice data

Fit lattice data with an ansatz: [Iog |be(T)| = A— a logk — kRe [

Hir
T

]
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Extracting singularities from lattice data

Fit lattice data with an ansatz: [Iog |b(T)| = A—a logk — kRe [}uﬁ}]

0
-‘:21 T =135 MeV, a = 3/2, Re[t,/T] = 2.32
s -6
> -
o -10 +
T -12 2.0
-14 4
0 F15 ’
-2 T=175MeV, a = 3/2, Re[u,,/T] = 0.66 <
= -4 3 {
. 2 1.0 :
8 -10 Y {
-12 '
-14 05 .
0
_2 \wm, Rel,/T] = 0.00 -
5 26 0.0 s e b bbbl
= qg 140 160 180 200 220
< 12 T [MeV]
0 5 10 15 20 25 30 Quite similar results for 1 < a < 2
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Extracting singularities from lattice data

Fit lattice data with an ansatz: [Iog |b(T)| = A—a logk — kRe [Mbrn

. T
-2 T =135 MeV, @ = 3/2, Re[i,/T] = 2.32
5 Zg
8 -10 t
T -12 2.0
-14 4
0 15 ’
-2 T =175 MeV, a = 3/2, Re[u,/T] = 0.66 <
< ¢ 1.0 t,
8 -10 Y {
-12 '
-14 05 .
0
_2 \wm, Rel,/T] = 0.00 -
= -4 00 [ S S S S
9 -6
= 18 140 160 180 200 220
2292 T [MeV]
_140 5 10 15 20 25 30 Quite similar results for 1 < a < 2
e b~ (-1)%!in the data = Im [__;r} <7
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Extracting singularities from lattice data

Fit lattice data with an ansatz: [Iog |b(T)| = A—a logk — kRe [Mbrn

. T
-‘:21 T =135 MeV, a = 3/2, Re[i,/T] = 2.32
& Zg
> -
o -10 +
12 2.0
~14 <
0 F15 ’
-% T=175MeV, a = 3/2, Re[y,,/T] = 0.66 <
< -8 10 ,
8 -10 Y {
-12 *
-14 05 .
0
-2 \wn, Re[u,/T] = 0.00
5 & 0.0
o 18 140 160 180
< :ﬁ T [MeV]
0 5 10 15 20 25 30 Quite similar results for 1 < a < 2
e b~ (-1)%!in the data = Im [__;r} <7

Hbr
* Re [—} ~0 for T 2 200 MeV =  singularity at purely imaginary ug

T
Roberge-Weiss transition?
LQCD: Ty ~ 208 MeV [C. Bonati et al., 1602.01426] 10



Summary

e The “tri-virial” model is an exactly solvable model with a phase
transition where Fourier coefficients can worked out explicitly

e Asymptotic behavior associated with a phase transition and a CP

_ knsp1

k—oo € T
T < Tc . bk(T) ~ A_ 132
ke
k—oco e T
T = TC . bk(T) ~ AC k4—/k3R
_ XK I
k—co e T ) Hpr 0
T>T,: b(T) = A+k3/25'”(ka+20>

+ power-law corrections from a difference in universality class from mean-field.
e Location of thermodynamic singularities can be extracted from
LQCD via exponential suppression of Fourier coefficients.
New, accurate data on b, at T<150 MeV will be useful in the search
for (remnants of) critical point/phase transition at finite density.
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Summary

e The “tri-virial” model is an exactly solvable model with a phase
transition where Fourier coefficients can worked out explicitly

e Asymptotic behavior associated with a phase transition and a CP

k KHspl

k—)oo T
T<T.: b(T)Z°AC k3/2
kuc
T
T = Tc : bk(T) ~ A k4/3
kub
. k—)oo T /’Lbr 90
T > Tc . bk(T) A+ k3/2 sin (k T + 2)

+ power-law corrections from a difference in universality class from mean-field.

e Location of thermodynamic singularities can be extracted from
LQCD via exponential suppression of Fourier coefficients.
New, accurate data on b, at T<150 MeV will be useful in the search
for (remnants of) critical point/phase transition at finite density.

Thanks for your attention!
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QCD thermodynamics with fugacity expansion

T, R~ k = . .
il 7;:1!8) = Z pk(T) cosh (#) — Z p|k\(T) ekne/T
k=0 k=—o0

No sign problem on the lattice at imaginary ug — ijfig

Observables obtain trigonometric Fourier series form

Baryon density: pB(T WB Z bk(T) sin (k$_8> , br(T)=kpk(T)

2 mh " o
be(T) = — /0 diig [Im pg(T,ifig)] sin(k ig/T)
Ideal (Boltzmann) HRG: Massless quarks (Stefan-Boltzmann limit):
rB _ /18 i _ (F1) T 4[3+4(7k)’)
3 = b1(T) sinh ( ) biF = p 27 (k)2

3/22



HRG with repulsive baryonic interactions

Repulsive interactions with excluded volume (EV) V — V — bN
[Hagedorn, Rafelski, '80; Dixit, Karsch, Satz, '81; Cleymans et al., ‘86; Rischke et al., Z. Phys. C '91]

— HRG with baryonic EV:

T T T T T T T
Im 2 = b, (T)*sin(ug/T)

06 —b, N i
— b, + b, (T)*sin(2u,/T) .
— b + b, (T)*sin(3u,/T) o ¢ °
3
04F b, +b,(T)*sin(4p,/T) .

+ ..

| 4stout, Nt=12

pe(T.18) = p§ (T, 18 — bpg)

0.0

b (T) = (-1 1 2

“ e w . | pr (b T3)k—1

¢5B(T)]k
T3

-0.2

| EVAHRG. b = 1 i . V.V., A. Pasztor, Z. Fodor,

S.D. Katz, H. Stoecker, 1708.02852

_0_4 1 | L | " 1 1 1 " 1 s | L | L | L | 1
130 140 150 160 170 180 190 200 210 220 230

T (MeV)

e Non-zero by (T) for k = 2 signal deviation from ideal HRG
e EV interactions between baryons (b = 1 fm?) reproduce lattice trend

5/22



Cluster Expansion Model (CEM)

Model formulation:

e Fugacity expansion for baryon number density

T,
PB(TéﬂB) — \B(T. 1g) Z bi(T) sinh(kug/T)

e by(T) and b,(T) are model input

_ L . [bo(T)]
e All higher order coefficients are predicted: bi(T) = a3” by (T)]F-2
1

Physical picture: Hadron gas with repulsion at moderate T,
“weakly” interacting quarks and gluons at high T

Summed analytic form:

pe(T . p18) 2 b2y o, . . .
=3 = —573 3 { < [Lip(x4) — Li1(x-)] + 3[Liz(x4) — |_I3(X_)]}
A b1(T) b, fur/T . >, zk
bio = ——, X+ =—=¢€ ne/ T Lis(z) = —
btlj]g) bl k—1 k

Regular behavior at real ug - no-critical-point scenario 9/22



CEM: Baryon number susceptibilities

XE(T”B) - =

> b2

2772 by

; {477 [Ligw(x+) + (=1)F Ligw(x2)] + 3 [Liax(x:) + (=1)* Liaw(x-)]

CEM-LQCD: by(T) and b,(T) from LQCD simulations at imaginary ug

035 T T T T T T T T T T T T T T T T T T T T T T T T T T T

- [ LQCD (HotQCD) 14r [ LQCD (HotQCD) ]
0.30} :

. Il LQCD (Wuppertal-Budapest) 12+ I LQCD (Wuppertal-Budapest) -
025F % CEM-LQCD 10l * CEM-LQCD '
0.15} B 1 06}

010 (a) XZ 04 i
0.05} _ {1 o2l
A Hg = I
0.00 : Pttt 00— t—+—t+—+—F+—+——F—— :
- - LQCD (HotQCD prelim., N, = 8) 0.3 e LQCD (Wuppertal-Budapest, estimate)
=l I LQCD (Wuppertal-Budapest) | - * CEM-LQCD i (d) B
10l x CEM-LQCD (©) XB/XB ] 027 } Xsg
- 0.1F
05| ef2 1 7 # ’} $ %%
| 0.0+ i- *
0.0f ** 1 g4l
05/ =0 ol T
1.0_ Mg -g.i_- Hl =0
100 120 140 160 180 200 220 240 100 120 140 160 180 200 220 240

T [MeV]

Lattice data from 1805.04445 (Wuppertal-Budapest), 1701.04325 & 1708.04897 (HotQCD)

T [MeV]
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Using estimators for radius of convergence

I 1 - 0-25 | ! | ! | ! |
a) Ratio estimator: 1ol @) | CEM-LQCD, T = 160 MeV, Ratio estimator ]
B 1/2 L l 0o ]
o= (2n—|—2)(82n—|—1)x2n NEO.15- :QIUOO ©o0 o o o ° o ]
X2n+2 = o010f I?%§Z>%000000 S e . o ]
0.05 - om)oooogo%o % ° Oo ° oo ° ° o 7
X ROV ® % Oo ° o0 © o
0.00 EFRPP00 00,00 o O 0 0 o) I 0
0.00 0.01 0.02 0.03 0.04 0.05
1/n
Ratio estimator is unable to determine the radius of
convergence,
nor to provide an upper or lower bound, so use it with care!!
b) Mercer-Roberts estim.: [ (b) CEM-LQCD, T = 160 MeV, Mercer-Roberts estimator ]

|
0.07 | ' oo *
1/4 | ‘.00"" .o

C Ch—1 — C - ' 1

rn = ntl=n—l > n N Z s I XB ]
Ch+2 Ch — C!‘H—l — 0.064 @-<==::: eEEEEEEEEEEEE E B N mH ®m ® |

L 4 -

B 006 | p/T ]

0.00 0.01 0.02 0.03 0.04 0.05



CEM: Radius of convergence

240

* . (CEM-LQCD) -
220 - = 1, (CEM-HRG,b=1fm?)

T
|
i
- Roberge-Weiss CP estimates: 1
200 v Fodor, Katz (LQCD, reweighting) 7|
i
|
|
|
|
|
|
|
|
|
7T

>" m  Lacey (HIC, finite-size scaling)
O 180 | & Fischer et al. (Dyson-Schwinger) _
E | e C(Critelli et al. (holographic)
[ A |jetal. (holographic)
— 160 | = -
\

140

120

100

gol . .
uy/T
Radius of convergence approaches Roberge-Weiss transition value
e At T > TRW expected [M?B] = 47 [Roberge, Weiss, NPB '86] TRW ~ 208 MeV
Cc

[C. Bonati et al., 1602.01426]
e Complex plane singularities interfere with the search for CP 17/22



Expected asymptotics

o At low T /densities QCD ~ ideal hadron resonance gas

hrg / /
p's(T,ug)  om(T) L (PB(T) h( T) |

T4 o T3 T3
2T m
o(T) = Z/dmp,(m > 2(7_)
ieB
hr, (,DM T hr Z(DB T \ro
pre(T) = D) - ey = 208U0) ey — k> 2

T3 T3

e At high T QCD ~ ideal gas of massless quarks and gluons

p*e(T,pug) 8 (us) 1 (us)“
T4 45 Z [ 37) T2 \37) |
_ 6472 _ (—l)k+1 4(3 + 4 (k)]
SB , SB b8 — k pSB
P =35 Pk k2 27 (mk)? o= Pk

Lattice data explore intermediate, transition region 130 < T < 230 MeV

*In this study we assume that pus = pug =0
4/23
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