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Why cumulants
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?

GCE:

Statistical mechanics:

Cumulants measure 𝝁 derivatives of the (QCD) EoS

Critical point: large correlation length, equilibrium fluctuations diverge
Critical opalescence

𝑁! − 𝑁 !	~ 𝑁 	~	10!"

in equilibrium

van der Waals model



Theory vs experiment
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This was done in [VV, V. Koch, C. Shen, Phys. Rev. C 105, 014904 (2022)]  
• Full hydro simulation
• Lattice QCD-like baryon susceptibilities (interacting HRG)
• Experimental kinematic cuts
• Global baryon conservation: SAM correction

Non-critical baseline (hydro EV) prediction



Standard disclaimer
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M. Arslandok, QM 2025

Cumulants (𝜅)
Factorial cumulants (𝐹𝐶)

Cumulants (𝜅)
Factorial cumulants (𝐹(",$))

Cumulants (𝜅)
Factorial cumulants ( %𝐶)



Measurements vs baselines
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• The suppression relative to Poisson at collider energies appears 

to be driven by baryon conservation

• Additional repulsion (excluded volume) improves the agreement

• Same result in an alternative implementation of repulsion

• Change of trend emerges at 𝑠!!~10 GeV

Friman, Redlich, Rustamov, arXiv:2508.18879

𝑠&& ↘                𝛼 ↗



Factorial cumulan ts from RHIC-BES-II
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plot from A. Pandav, CPOD2024
VV, V. Koch, C. Shen, PRC 105, 014904 (2022)

• describes right side of the peak in '𝐶"

• signal relative to baseline:
• positive '𝐶! − '𝐶!#$%&'()& > 0
• negative '𝐶" − '𝐶"#$%&'()& < 0

Controlling the non-critical 
baseline is essential

VV, Koch, arXiv:2504.01368, plot adapted from M. Stephanov, arXiv:2410.02861

Non-critical baseline (hydro EV): 

RHIC-BES-II data and CP

Or can we go beyond the baseline



Factorial cumulan ts from RHIC-BES-II
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Generalizing Hydro EV

1. Smooth (3+1)-D hydro evolution with MUSIC

2. Grand-canonical particlization of excluded volume HRG fitted to lattice 

data at 𝜇" = 0

• model-dependent and allows only repulsion

3. Kinematic/efficiency cuts using Cooper-Frye formula and isospin 

randomization

4. Correction for baryon conservation using SAM-2.0

• Minimum effect of baryon conservation

Hydro EV

New developments:
• Replace EV-HRG parametrization by MaxEnt freeze-out à probe arbitrary 𝜒*+
• SAM-3.0 correction: technical simplification and minor correction to SAM-2.0 results

[VV, V. Koch, C. Shen, Phys. Rev. C 105, 014904 (2022)] 

[Shen, Alzhrani, PRC 102, 014909 (2020)]

[VV, V. Koch, Phys. Rev. C 103, 044903 (2021)]

[VV, Phys. Rev. C 105, 014903 (2022)]

[Kitazawa, Asakawa, Phys. Rev. C 86, 044904 (2012)]



Factorial cumulan ts from RHIC-BES-II
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Generalizing Hydro EV: new elements

• Incorporate single hydrodynamic mode – baryon density fluctuations

• Maximum entropy method defines local baryon/antibaryon joint susceptibilities

Maximum entropy freeze-out

HRG baseline+ baryon, − antibaryon deviations from HRG

Subensemble acceptance method 3.0
• Correction for baryon number conservation

• Compute grand-canonically and perform correction at final step

• Requires joint accepted proton (X) and 4𝜋 baryon (B) cumulants, summed over all CF cells 

• Parametrize the EoS by 𝜒#"/𝜒#", 𝜒$"/𝜒%", 𝜒&"/𝜒#" ratios at each energy 

[M. Pradeep et al., PRL 130, 162301 (2023); arXiv:2508.19237]

G. Pihan et al., to appear

R. Poberezhniuk, V.A. Kuznietsov, G. Pihan, VV, to appear



Factorial RHIC-BES-II
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Roadmap

Baryon

𝜒!*/𝜒!*, 𝜒"*/𝜒+*, 𝜒,*/𝜒!*

Adapted from G. Pihan



Factorial cumulan ts from RHIC-BES-II
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Bayesian inference

Unfolding

G. Pihan, R. Poberehzniuk, VV, to appear



Factorial cumulan ts from RHIC-BES-II
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Bayesian inference

Unfolding

G. Pihan, R. Poberehzniuk, VV, to appear
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Extracted susceptibilities

• Tight constraints on 𝜒,+ relative to HRG
• Switch from repulsion to attraction at lower energies?

• Uncertainties in 3rd and 4th order susceptibilities are huge 
• Intermediate steps (net-B to B+, kinematic cuts, B+→p) acts akin to efficiency correction
• But reducing uncertainties in data would lead to reduced extraction errors

• Results appear weakly sensitive to esw, sensitivity to other hydro parameters to be studied
G. Pihan, R. Poberehzniuk, VV, to appear

preliminary preliminary preliminary
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Fit vs data

G. Pihan, R. Poberehzniuk, VV, to appear

preliminary

preliminary preliminary



Factorial cumulan ts from RHIC-BES-II
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Comparing to lattice QCD

To map the results to QCD phase diagram use chemical freeze-out parametrization [VV et al., PRC 93, 064906 (2015)]

𝜀sw ≈ 0.35 − 0.40 GeV/fm3 4D-TExS: [A. Abuali et al., Phys. Rev. D 112, 054502 (2025)]
• Lattice-based EoS at finite baryon density
• Computed under HIC conditions (𝑛-/𝑛* = 0.4, 𝑛. = 0)

G. Pihan, R. Poberehzniuk, VV, to appear

preliminary

preliminary
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Baryon susceptibility 𝜒#$

• To obtain bare 𝜒#" multiply by HRG value
• QMHRG motivated by lattice studies 

at 𝜇" = 0
• Excellent agreement with lattice at 
𝜇" < 300 MeV

• Enhancement relative to lattice at 
𝜇" > 300 MeV 

Caveats:
• Sensitive to the hadron list
• Sensitive to assumed freeze-out line
• Lattice EoS (4D-TExS) is an extrapolation 

(no truncation error included)

G. Pihan, R. Poberehzniuk, VV, to appear

4D-TExS: [A. Abuali et al., Phys. Rev. D 112, 054502 (2025)]

[HotQCD, PRD 104, 074512 (2021)]
preliminary



Summary
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• Recent developments allow calculations of proton cumulants that include
• Realistic (3+1)D hydro background
• EoS effects (𝜒*+) via maximum entropy freeze-out
• Kinematic cuts via Cooper-Frye formula
• Canonical baryon conservation effects

• Equilibrium baryon susceptibilities extracted from STAR data
• Tight constraints on 𝜒,+/𝜒,,./0+

• Agrees with lattice QCD at 𝜇+ < 300 MeV, enhancement at 𝜇+ > 300 MeV
• Errors in extracted 𝜒1+ and 𝜒2+ are still too large with current data precision

Outlook:
• More systematic studies of sensitivity to hydro parameters, hadron list, etc.
• Acceptance dependence, using net-proton cumulants



Additional slides



Subtracting the baseline
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𝜅,343 ≈ 𝜅,5673 + 𝜅,
689If try to isolate the critical part* by subtracting the baseline (here hydro EV)

*May be a useful quantity for finite-size scaling analysis compared to the bare 𝜅#/𝜅%

Enhancement relative to the baseline at lower 𝑠77 which continues at fixed target energies



Simplified proton variance
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𝜅# 𝑝
𝑁'

− 1 ≈ 𝜔( − 1
𝑝# )
𝑝 )

− 𝜔( 𝑝 )
𝑁(

𝑁( + 𝑁*

EoS acceptance
(hydro)

baryon (proton) fraction

Using average EV-HRG 𝜔: shows excellent agreement with full numerical Hydro-EV 
calculation



Attraction vs repulsion
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Recently, attractive and repulsive interactions implemented through a potential in rapidity

repulsion attraction

Interplay of repulsive (high 𝑠!!) and attractive (low 𝑠!!) interactions?

Friman, Redlich, Rustamov, arXiv:2508.18879

𝑠!! = 17.3	GeV 𝑠!! = 2.4	GeV



The (possible) culprit
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/centrality selection

(𝑏 < 3	fm)

Adapted from V. Koch, ERICE2025



Two component model

15Adapted from V. Koch, ERICE2025



Test for baseline: acceptance dependence of couplings
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[Bzdak, Koch, Strodthoff, PRC 95, 054906 (2017)]Bzdak et al. introduced reduced correlation functions – “couplings”

𝑐̂/ =
'𝐶/
𝑁 /

integrated correlation function in rapidity

Long-range correlations in rapidity lead to acceptance-independent couplings, for example 

• Global (not local) baryon conservation

• + volume fluctuations
[Bzdak, Koch, Skokov, EPJC 77, 288 (2017); Bzdak, Koch, PRC 96, 054905 (2017)]

[Holzmann, Koch, Rustamov, Stroth, arXiv:2403.03598]

all lead to

at a given 𝑠00 and at a given 𝑠00
'𝐶/
𝑁 / = 𝑐𝑜𝑛𝑠𝑡.

12!
"

0"
! ≈

12!
#"

0#"
! = − +

0$30#$ !"

Can be tested without CBWC/volume fluctuations correction Bzdak, Koch, Vovchenko, arXiv:2503.16405



Scaled factorial cumulants and baryon annihilation
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Extending Hydro EV to incorporate hadronic phase (UrQMD)
Covariance 𝑐++

44̅ 

no annihilation

baryo
n ann

ihilati
on

G. Pihan, VV, in progress

• Hadronic phase appears unlikely to resolve the antiproton puzzle (more statistics needed)
• Acceptance dependence of proton-antiproton covariance shows clear effect of hadronic phase

Au-Au, 𝒔𝑵𝑵 = 𝟐𝟕 GeV



Test for baseline: BES-I data

14Adapted from V. Koch, ERICE2025



(Some of) Missing pieces at lower energies
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Light nucleiCharge conservation

HADES preliminary

Nuclear liquid-gas




