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Computational Physics (PHYS6350)

Lecture 13: Classical mechanics problems
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Instructor: Volodymyr Vovchenko (vvovchenko@uh.edu)

Course materials: https://github.com/vlvovch/PHYS6350-ComputationalPhysics
Online textbook: https://vovchenko.net/computational-physics/



mailto:vvovchenko@uh.edu
https://github.com/vlvovch/PHYS6350-ComputationalPhysics
https://vovchenko.net/computational-physics/

Three-body problem

Exercise 8.10 (M. Newman, Computational Physics)
Three stars interacting through gravitational force

The equations of motion are
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Cannot be solved analytically!

Take G = 1 (dimensionless)

Initially at rest and move in plane z =0
Initial coordinates: r; = (3,1), r, = (-1,-2), r; = (-1,1)




Three-body problem

def fthreebody(xin, t):
global f_evaluations
f_evaluations += 1

x1 = xin[@]
yl = xin[1]
x2 = xin[2]
y2 = xin[3]
x3 = xin[4]
y3 = xin[5]
r12 = np.sqrt((x1-x2)**2 + (yl-y2)**2)
ri3 = np.sqrt((x1-x3)**2 + (yl-y3)**2)
r23 = np.sqrt((x2-x3)**2 + (y2-y3)**2)

return np.array([xin[6],xin[7],xin[8],xin[9],xin[1@],xin[11],
G*

G * m2 * (x2 - x1) / rl2**3 4+
G * m2 * (y2 - yl) / rl2**3 +
G * ml * (X1 - x2) / rl2**3 4+
G *ml * (yl - y2) / rl2**3 +
G * ml * (x1 - x3) / rl3**3 4+
G *ml * (yl - y3) / rl3**3 4+
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Three-body problem

def fthreebody(xin, t):

global f_evaluations
f_evaluations += 1
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np.sqrt((x2-x3)**2 + (y2-y3)**2)

return np.array([xin[6],xin[7],xin[8],xin[9],xin[1@],xin[11],
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final project idea(7): simulate the solar system
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Lagrangian mechanics

In Lagrangian mechanics, a classical system with N degrees of freedom is characterized by
generalized coordinates q; that obey Euler-Lagrange equations of motion:

(2L _L _o jo1..N
dt \ 9q; qu

L is the non-relativistic Lagrangian which is typically defined as the difference of kinetic and potential
energies, L =T — V.
One can rewrite these equations using the chain rule:

N N 2
0’L 6 oL
z z 7. — - . j=1...N.
4 0q; (3ql = dq, g; ot 0q,

This is a system of N linear equations for ¢;. When solved we have
= fl({qj}9 {q/}a t)-

or
% q.
dt "
dt

which can be solved using standard methods.



Non-linear pendulum

The generalized coordinate is the displacement angle 6

x = [ sin(0),
y = —lcos(8),
Lagrangian

2
1’0
L=T-v="=_

— mgl cos(0),
Equations of motion

mlo = —mgl sin 6.



Non-linear pendulum

Non-linear pendulum, t = 0.00 s
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Non-linear pendulum
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Non-linear pendulum, t = 0.00 s
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Double pendulum

Double pendulum is the simplest system exhibiting chaotic motion —
deterministic chaos

Two degrees of freedom: the displacement angles 68; and 6,

xy = Iy sin(6),

yi = =1 cos(6)).

Xy = ll sin(@l) + 12 SiI‘l(Oz),
YV = —[1 COS(91) - [2 COS(02).

n,



Double pendulum vs ChatGPT

First approach nowadays: try LLM

ChatGPT 03-mini v

Please double check your equation. The motion seems off

write a python code which simulates and visualizes
the motion of a double pendulum

Thought about double pendulum equations for 12 seconds v
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Double pendulum

Double pendulum is the simplest system exhibiting chaotic motion —
deterministic chaos

Two degrees of freedom: the displacement angles 68; and 6,

xy = Iy sin(6),

yi = =1 cos(6)).

Xy = ll sin(@l) + 12 sin(02),
YV = —[1 COS(91) - [2 COS(92).

n,

-2 -2
mpx my X 1 : 1 -2 -2 . . .
T== L+ 5 2 = Emll%m +5m 126, + 365 + 21,1,0,6, cos(6; — 65). kinetic energy

V' =mgy, + mygy, = —(my + my)gly cos(6)) — mygly cos(6y). potential energy



Double pendulum

Double pendulum is the simplest system exhibiting chaotic motion —
deterministic chaos

Two degrees of freedom: the displacement angles 68; and 6,

xy = Iy sin(6),

y1 = —lj cos(6),

Xy = ll Sil’l(@l) + [2 sin(02),
y» = —1l; cos(@;) — [, cos(6,).

n,

.2 .2
mpx my X 1 : 1 -2 -2 . . .
r=— L+ 5 2 = Emll%QI + 5 m [0, + 136, + 21,1,0,0, cos(6; — 6,), kinetic energy
V' =mgy, + mygy, = —(my + my)gly cos(6)) — mygly cos(6y). potential energy

The Lagrange equations of motion read
(my + my)l1 0y + myly cos(0) — 6,)0, = —myl10, sin(0) — 6,) — (m| + my)gsin(6),

m211 COS(01 — 02)01 + m21202 = m211 01 Sll’l(01 — 02) —mg 51n(02).

This is a system of two linear equations for [9'1,2 that can be solved straightforwardly.



Double pendulum

def fdoublependulum(xin, t):
global f_evaluations
f_evaluations += 1

thetal
theta2

xin[9]
xin[1]

omegal = xin[2]
omega2 = xin[3]

al = (m1 + m2)*11
bl = m2*12*np.cos(thetal - theta2)
cl = m2*12*omega2*omega2*np.sin(thetal - theta2) + (ml + m2)*g*np.sin(thetal]
a2 = m2*11*np.cos(thetal - theta2)
b2 = m2*12;
c2 = -m2*1ll*omegal*omegal*np.sin(thetal - theta2) + m2*g*np.sin(theta2) # +
domegal = - ( c2/b2 - c1/b1 ) / ( a2/b2 - al/bl )
domega2 = - ( c2/a2 - cl/al ) / ( b2/a2 - bl/al )
return np.array([omegal,
omegaz,
domegal,
domega2
D

sol = bulirsch_stoer(fpendulum, x@, t@, 1, tend, eps, error_definition_pendulum, 10)
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Double pendulum: chaotic behavior
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Double pendulum: chaotic behavior
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